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Abstract

This paper discusses the relation between Taylor's formula and partial differential equation. Taylor formula
iteration method can resolve partial differential equation. u(x,t)be expanded at t = OQor t = 1by Taylor formula.
Coefficient of Taylor formula ut(x,0),utt(x,0)...can be expressed by partial differential equation. The method
can solve nonlinear differential equation.Generalized Taylor's formula can solve fractional partial differen-
tial equation. The method is very important way that resolving partial differential equation. The method also
can resolve those equations from [1-9].

This article refers to the literature [10]. Taylor formula iteration method belongs to logical thinking.
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Introduction

This paper introduce that Taylor formula iteration method resolve partial differential equation. In this paper,
six examples are used to introduce Taylor formula iteration method to solve partial differential equation. This
paper also introduces that Generalized Taylor’s formula can solve fractional partial differential equation. The
iterative method of Taylor formula is an important and useful method to solve partial differential equation. The
solution of Taylor formula iteration method belongs to Ceo.

Variable Coefficient Problem
We consider equation as following:

xux,f) — (xulx, 1))y = 0, (1)
u(x,0) = x% (2
uAx,0) = 0. (3)
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We solve (1) by Taylor formula iteration method as following:

(4) rug (@, t) — (rug(x, t)), = 0,
(5) Uy =  Ugpy + _%'u,._
(6) U (.0) = Upe(x.0) + %-u,r(:r. 0),
(7) ey (2,0) = (22),, =2,
u, (. 0) = (a 2 }: = 2
(8) Uy (.'l'.'. (]) = 242=4,
(9) Wggg =  Uppe + }“r.r-
10 ’
(10) ty (2.0) = Uppo(x,0) + l'r.',,_,-(;:.‘._ 0)
@ ( 1 1 )
wg(x,0) = 0,
(12) U (2,0) = 0,
(13) U (2,0) = 0,
g (0, 0) = 0,
(14)
(15)
And we have:
umt(x’o) - uztm(x’ 0) = = 0 (16)

By Taylor’s formula, we get as following:

2

t
u(zx, t) = u(x,0) + wy(x, 0)t + uyy (o, 0)2—

3
i -+ 'Uf”(('.l" ())3—1 + ...,

(17)

u(x,t) = x>+ 2¢. (18)
Solution of equation (1) ,u(x,t) = x>+ 2¢.

Two-Dimensional Heat Conduction Equation Solution
We study the equation as following:
u,— be(u tu, )= £, (19)

u(x,y,0) =xy +y°. (20)
Next, we solve (19) by Taylor formula iteration method,

= 2
u=x(u + uyy) + 7,

21)
Let#=0o0n (21),
u(x,,0) =0, (22)
On equation (21), finding 1-order partial derivative of # on both
sides,
We have:
utt = x(uxx + uyy) + tx(utxx + utyy) + 2t, (23)
u (x,0) = 0, 24)
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uyy(x, 1,0) = 6y, (25)

Next, £ =0 on (23),

u (x,,0) = 6xy, (26)

uttt = 2x(utxx + utyy) + tx(uttxx + uttyy) + 2, (27)
u, (x,v0) = 0 = (6ay).,=0 (28)
u_(x,,0) = 0, (29)
. (x,3,0) = o, (30)
Next, 7=0 on (27),

u, (x,3,0) =2, (3D
utttt = 3x(uttxx + uttyy) + tx(utttxx + utttyy), (32)
U x,7,0) = 0, (33)
So we have : (34)
U X,9,0) = U x,0,0) = ... = 0, (35)

By Taylor’s formula ,we get as following:

2

/2 /3

w(x,y, t) = ulr,y,0) + up(x, y,0)t + ugy(z,y, ﬂ}g + g, y, []}3—| +..., (36)
Y .t}

u(z,y.t) = (32 + Vzy +y° + 3 (37)

Solution of (19),u(%:¥:t) = (B2 + Day +y° + 5.

The Third Problem With Boundary Values
We consider following equation:

ut — 4uxx = cost, (38)

u(x,0) = Ccosx, (39)

u (0,7 = u(l,0)=0. (40)
By Taylor formula iteration method,we have:

u, = 4u_+ cost, 41)
u(x,0) = 4u (x,0)+ 1, (42)
u(x,0) = —4cosx + 1, (43)

utt = 4u,_—sing (44)
u (x,0) = 4du_(x,0), (45)
u (x,0) = 4’cosx, (46)

uttt = 4u, —cost, 47)
u,(x,0) = 4u, (x,0)—1, (48)
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u,(x,0) = —43cosx — 1, (49)
utttt = 4du, +sing (50)
1,,50) = du, (50), (51)
u, (x,0) = 4%cosx, (52)
uttttt = 4u, _+cost (53)
u, (x,0) = —4cosx + 1, (54)
(55)
By Taylor’s formula ,we get as following:
£ t3
u(z,t) = u(z,0) +u(z,0)t + up(, 0) + ugge(2,0) = 3' (56)
. — - (_ﬁ n = ﬂ 2n+1 =
u(z,t) = HZZO " " cosz + HZZG P l)!t , (57)
. _ - (_1)71 2n+1 4
sint = nzzo o 1)!15 : (58)
We have:
u(z,t) = e cosz + sint. (59)
We take the best of Fourier expansion:
1
an(t) = 2fu (e” r(ObJ)(US(H-Tﬂ('}d‘B} (60)
We get the solution of (38):
Za"(f cos(nmx) + e sinl + sint
n=1 . (61)
Fractional Partial Differential Equation
We consider following fractional partial differential equation:
w = Dlulz,y,t)+ Diu(z,y,t) +u(z,y,t) (62)
(63)

ufz,y,0) = qlay).

where ¢(x,y)is known integral polynomial.
The definition of Caputo fractional derivative about:

q1(z,y)is known function.
Dex
We consider ﬁ—gt(;;g—'o). On equation (62),finding a-order partial derivative
of t on both sides,
We have:

82 u(z, y,t) Oul@,yt) |, 0%ulz,y.t) | O°u(a,y,t)

ot2a = Di—p Yo ot ate "
w _ Dfaaug;ym+D§aaugf‘0) 8“ué@;;y=0) (72)
W = Diq(z.y)+Dlai(z.v) + oz, y). (73)

where
Fru@.y.0) _ o) (74)

5{;2«1
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q,(x,)is known function.

We consider W On equation (62),finding a-order partial derivative of # on both sides, We have:

R i
Ada Ao (o 9200 . 920
T = el Pt SR
w DZgy(x,y) + D}ga(x,y) + g2(z.v), (77)
where
Pe D) _ ey, )

q3(x,y)is known function. We consider L*:)‘E_;L”l On equation (62), finding 3a-order partial derivative of
t on both sides, we have: ’

(1) 5 0%u(z,y,t) N Feu(z,y,t)  9ulx,y,t)
tla = D; Dida +Dy Gt3a o3 (79)
Mu(x,y,0) 5 0%u(z,y,0) L Pu(z,y,0)  ulz,y,0)
e = D; i3a +Dy di3a i3 , (80)
64«1 . ,U
TR0 - Dlgy(e,y) + Djaste ) + asla, ), (s1)
where
aou(z,y,0)
T e a1(z,y). (82)
. . d"u(x,y,0)
g4(x,y)is known function. We have: e = gn(x,y) (83)
g (x,)is known function.
By Generalized Taylor’s formula:
N . .
ol P @u(a,y,0) (84)
u(z,y, t) = JZ; o t1) Diie +....
So, we have the solution of (62):
= rEn
NI " _ 85
ulz.y.t) = qlz,y) + q (. _f,-')l_(“_ ) +q_(:r.y)r(2“ ) o (85)
Nonlinear KdV Equation
We consider the wave equation as following:
up — buny + Upry =0, (86)
u(z,0) =z, (87)
We have:
Uy = Guur — Urrxs (88)
w(z,0) = 6u(z,0)uy(z,0) — ugpe (2, 0), (89)
u(z,0) = a, (90)
ug(w,0) = 1, (91)
ug(z,0) = 6, (93)
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On equation (88), finding 1-order partial derivative of t on both sides, we have:

ug = 6(urty + wttr) = Upzes, (94)
u(2,0) = 6(ue(z,0)ug(z,0) + u(z, 0)upy (2, 0)) — g (2,0), (95)
Uy (2,0) = 6 (96)

Urer(2,0) = 0, (97)
ug(r,0) = 2-6%, (98)

On equation (94), finding 1-order partial derivative of t on both sides, we have:
= O(ustte + 204ttsr +Ulltiz) — Uttroe, (99)

wret (@, 0) = 6(wer (w, 0)uz (@, 0) 20 (@, O)tusr (@, 0)Fu(z, Dwerr (v, 0)) —tittpes (@, 0),

Ut (2, 0) = 6, (100)
wie(2,0) = 2-62, (101)
e (2,0) = 61z (102)

By Taylor’s formula ,we get as following:

2 3

u(x,t) = w(x,0) + w2, 0Vt + wyy (z, 0}% + gy (o, U)z’—1 +..., (103)
‘We have:
w(x,t) = & + 6xt + 6%2t” + 6%zt + 6%t + .., (104)
(105)
o
w(x, t) = T 6t (106)
So we can get the solution of (86),u(z.t) = =% .
Nonlinear sine-Gordon Equation
We consider following constant coefficient equation
Uy — e+ asinu = 0, (107)
u(x,0) = x, (108)
u(x,0) = 1 (109)
We have:
u, = cu_—osiny, (110)
u(x,0) = cu_(x,0)— asinu(x,0), (111)
u (x,0) = 0, (112)
u(x,0) = -—osiny, (113)

On equation (110), finding 1-order partial derivative of # on both
sides, We have:

(114)

uttt = c2uytxx — qut cosu,
u,(x,0) = cu_(x,0) = oulx,0)cosu(x,0), (115)
u (x,0) = 0, (116)
u (x,0) = -—acosx, (117)

1t

On equation (114), finding 1-order partial derivative of # on both sides, We have:
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utttt = c2uttxx — outt cosu + au2t sinu, (118)
u, (x,0)=cu, (x,0)— au (x,0)cosu(x,0) + a(u(x,0))* sinu(x,0),
u, (x,0 = qgsinx, (119)
u, (x,0) = ac’sinx + o’ sinxcosx + asinx, (120)

u, (x,0),u, (x,0)..is known function.

By Taylor’s formula ,we get as following:
f_Q 3 4

t t
u(z,t) = u(x,0) + ug(x, 0)t + wpe (@, 0) = + wggs (2, 0) = + ugpee (0, 0)

5 i 7tz

So, we can get the solution of (107).

Iterative solution of partial differential equations by Taylor formula is important and good method that solve
linear and nonlinear partial differential equations. And the method also can solve fractional partial differential
equations.
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